Abstract. The paper investigates a non-fragile robust control strategy for a half-car active suspension system considering human-body dynamics. A 4-DoF uncertain vibration model of the driver's body is combined with the car's model in order to make the controller design procedure more accurate. The desired controller is obtained by solving a linear matrix inequality formulation. Then the performance of the active suspension system with the designed controller is compared to the passive one in both frequency and time domain simulations. Finally, the effect of the controller gain variations on the closed-loop system performance is investigated numerically.
INTRODUCTION
Passive, semi-active and active suspensions are three main types of car suspensions that are used by automotive industries. All suspension systems aim to improve the car performance consisting of ride comfort, handling, road holding, suspension deflection, static deflection, etc. Conventional passive suspensions are effective only in a certain frequency range and optimal design performance cannot be achieved when the system and its operating conditions are changed. On the contrary, it has been well recognized that active suspensions have a great potential to meet the tight performance requirements demanded by users. Therefore, in recent years more and more attention has been devoted to the development of active suspensions and various approaches have been proposed to solve the crucial problem of designing a suitable control law for these active suspension systems [1] [2] [3] .
Most of the present studies on active suspensions are concerned with vibration reduction of the sprung mass containing vertical acceleration of Center of Gravity (CoG), pitch acceleration and roll acceleration [4] [5] [6] [7] [8] . However, passengers do not sit on the CoG of the vehicle and so, vertical, roll and pitch motion of the vehicle affect the acceleration of the passenger's seats. In addition, around the resonance frequency of the seated human, the passenger's vibration magnitude due to the seated human dynamics becomes larger than the seated position's vibration of the sprung mass. Moreover, these vibrations cause the driver's whole body to vibrate. Undesirable effects of the driver's body vibration are experienced when the exposure time is longer than the recommended standard set by ISO 2631-1 [9] . So, to take into consideration the driver's biodynamics in the controller design can improve its performance [10] .
In addition to aforementioned aspects, another important goal of the controller design for active suspension systems is to maintain the robustness of the closed-loop systems [11] . In real cars, the total vehicle mass varies due to the changes in passenger load and cargo while characteristics of the actuators change due to aging and nonlinearities. When parameters in the plants change like this, the control performance specified in the design stage tends to deteriorate especially in LQG controllers [12] . However, a constant performance is desired in automotive suspensions, so, this deterioration should be kept as small as possible. Therefore, the analysis and synthesis of robust control for active suspension systems have become a research concern in recent years [13] . The application of the standard robust control theory has an assumption that the controller can be realized exactly. However, in practice, many physical limitations such as the effects of finite word length in any digital system, round-off errors in numerical arithmetics, inherent imprecision in analog devices, etc. lead to a loss of precision in controller implementation. Accordingly, even though the designed controllers are robust with respect to system uncertainties, they may be very sensitive to their own uncertainties. Recently, much attention has been paid to the so-called fragility problems of controllers [14] [15] . This problem is basically associated with performance decrease of a closed-loop system due to the inaccuracies in the controller implementation [16] . In recent years, many works have been made to solve the non-fragile controller design problem for linear systems [17] [18] . Some state feedback non-fragile H∞ controller design method with respect to additive and multiplicative norm-bounded controller gain variations are given in some literature [18] [19] . In addition, this kind of controller has been implemented on an active suspension system [20] .
The above review indicates that while there exists a notable body of literature on the active car suspension control, a comprehensive investigation on active suspension systems considering accurate human biodynamics based on robust non-fragile controller design seem to be absent. In this study, the problem of robust non-fragile H∞ controller design for a half-car suspension system with norm-bounded parameter uncertainties and controller gain variations is investigated. In order to obtain a better insight of the suspension system performance, a 4-DoF uncertain vibration model of the driver's body is combined with the car's model. Due to no explicit inverse of mass matrix existing in controller design approach, the uncertainties in mass, damping and stiffness can be described more naturally and directly. Considered additive controller gain variations in this approach, also, makes this approach more robust and more applicable in engineering practice. Finally, the desired controller has been obtained by solving a set of linear matrix inequalities (LMIs) using MATLAB; then the frequency and time domain responses of the active suspension are compared to the passive ones and the effect of controller gain variations on the closed-loop system performance is investigated.
DYNAMIC MODELING
A half-vehicle model, which is equipped with an active suspension between each unsprung mass and the sprung mass, is shown in Fig. 1 . The detailed equations of motion for this half-car model, which are bounce, pitch and each unsprung motions are as given in [21] . The schematic model of the driver's biodynamic consisting of the lumped human linear seat model is illustrated in Fig. 2 . Considered model for the driver is based on a 4-DOF human body presented in [21] ; the related equations could be found there as well. By assuming that the passenger is sitting in the front seat, the obtained dynamic equations by adding structured uncertainties can be rearranged as: 
Here, w(t) is assumed to be an energy-bounded signal (i.e., w(t)L 2 [0,)). The objective or measurement signal z o (t) to be controlled is considered as
where
The system can be formulated as:
where:
Uncertainty Δ M is assumed to satisfy:
where ||.|| refers to the Euclidean norm of a vector or matrix. Equation (5) implies that ||Δ E E -1 ||≤δ<1. Note that the condition (5) ensures that E+Δ E is non-singular. In addition:
are known constant matrices which characterize the influence of uncertain parameters F c , F k in nominal damping matrix C and stiffness matrix K, respectively. The uncertainties in active suspension system (1) satisfying Eqs. (5) and (6) are said to be admissible. Therefore:
with: 0
The control force, utilizing both displacement and velocity feedback signals, is obtained by:
where 
The control design objective is to minimize H ∞ norm of the closed-loop transfer function from output disturbances w(t) to measurement signal z o (t), T zw (s) ∞ , so that it remains below a specified bounded value γ>0 for all admissible plant uncertainties and gain variations in F (control). Such a designed control law is known as a non-fragile H ∞ state feedback controller.
CONTROLLER DESIGN
In this section, a solution for the problem of robust non-fragile H ∞ state feedback control for the active seat suspension system (4) in which both robust closed-loop stability and robust H∞ performance are achieved in spite of parametric uncertainties and controller gain variations is considered. System (4) with the state feedback control gain in Eq. (9) becomes:
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According to the assumption (5), Eq. (12) can be written as:
q t q t q t w t q t w t
According to the Bounded Real Lemma [22] [23] for the system (12), following the procedure given in [22] and by applying the Schur complement and by some rearrangement of matrix sub-blocks, the result can be expressed as an LMI. Therefore, for the uncertain system (4) with given γ>0, η>0, a state feedback control of form (9) can be constructed which could tolerate the system uncertainties Δ M , Δ C , Δ K , and controller gain variations Δ F so that the resulting closed loop system is robustly stable with disturbance attenuation γ provided that there exist matrices X>0, Q>0, Y and scalars >0, 
NUMERICAL RESULTS AND DISCUSSION
In order to evaluate the effectiveness and robust performance of the controller design method proposed in the above section, an example is introduced in this section. We assume that the vehicle model is a generic sedan car as the parameters given in Table 1 . 
15000
As mentioned before, in the biodynamic model the seated human body is constructed with four separate mass segments interconnected by five sets of springs and dampers. With a total human mass of 60.67 kg the nominal design parameters for the biodynamic model are listed in Table 2 . Accordingly, the output variables are chosen to be the displacements and velocities of each mass part, therefore, L=I. The uncertainties in the mass, damping, and stiffness matrices are, respectively, modeled as:
Assume that the controller gain variation has structure: 1,1,1,1,1,1,1,1,1,1,1,1,1,1,1 
where a f is an adjustable parameter to describe the level of gain variation (in the range of 10
The frequency responses of the proposed controller are illustrated in Figs. 3 to 6. As it can be seen, the non-fragile controller improves the driver's head acceleration. The designed controller greatly attenuates road excitation, especially in the frequency range around 10 rad/s, the range that affects ride comfort greatly. In addition, Fig. 3 shows that the inaccuracy in the controller gain has no significant effect on the driver's head acceleration in this frequency range. With respect to suspension deflection from Fig. 4 , the closed-loop system is not as good as the passive controller, which is an inevitable tradeoff. It is impossible to simultaneously reduce both body acceleration and suspension deflection in the low-frequency range and around the wheel-hop frequency [24] . As for road holding, the proposed controller reduces the value of the first peak in Fig. 5 . Moreover, it may result in handling-loss. One has to note that the variation of the controller gain makes no changes in the frequency responses of suspension deflections and road holdings. The aim of active suspension is to reduce acceleration to the greatest extent, which leads to a good ride comfort, and at the same, to keep the suspension deflection and road holding in acceptable ranges. It means that the performance of the suspension deflection and road holding is sacrificed in order to get a good ride comfort, and therefore the frequency response of this case is what is acceptable.
The actuator force frequency responses in Fig. 6 are indicators of the energy cost of the two actuators using accurate and inaccurate controllers. This subject is further discussed in the following part of the time responses.
Fig. 6 Frequency response of actuators forces
In order to further test the validity of the designed controller, a set of simulations in the time domain are carried out on a current road excitation. For investigation of the active suspension performance, road disturbances can be generally assumed as shocks which are discrete events of relatively short duration and high intensity, caused by, e.g., a pronounced bump or pothole on an otherwise smooth road surface. In this work, this case of road profile is considered first to reveal the transient response characteristic, which is given by:
and illustrated in Fig. 7 , where a is the height of the bump, and l is the length of the bump. Here we choose a=0.1 m, l=2 m and vehicle speed V 0 =30 km/h.
Fig. 7 Bump input
The time responses of the designed controller due to bump disturbance are shown in Figs. 8 to 11. It can be seen that the driver's head acceleration for the designed controller has much lower peaks and the settling time is reduced, as the suspension deflection. The peaks in road holding are a little bigger than for passive suspension. In addition, actuator forces in the time domain are shown in Fig. 11 , where produced forces are in an acceptable range which can be generated by hydraulic or electrorheological actuators in practice [25] [26] . As one can see in these figures, the controller variation does not have a sensible effect on the time responses of the closed-loop system. It is confirmed that the designed non-fragile robust controller is able to guarantee a better performance under a pronounced bump disturbance and limited actuator control force in spite of the car-driver's uncertainties and controller variations.
CONCLUSIONS
Ride performance, suspension deflection, road holding and actuators' forces of a class of half-car suspension systems considering an uncertain 4-DoF driver's biodynamics using a non-fragile robust H ∞ state feedback controller is investigated. The biodynamic model has been added to the system to obtain a good tradeoff between performance and accuracy as well as a better insight of the controller design. A design example demonstrates the effectiveness of the proposed controller design approach in comparison with the same passive suspensions and in the presence of the controller gain inaccuracy. Finally, it can be concluded that the proposed controller can successfully deal with the uncertainties in the half-car and driver system and its controller, and it guarantees the ride comfort performance by remaining suspension deflection, road holding and actuators' forces in a reasonable range.
